A new method of constructing commutative BCK-algebras is given.
Introduction
The concept of a lower semilattice with a valuation in a commutative BCK-algebra is introduced, and it is shown that such a semilattice can be converted into a commutative BCK-algebra. Any tree, which satisfies the descending chain condition, provides an example; the valuation is the height-function. Thus, any tree of finite height possesses a uniquely determined. commutative-BCK-algebra-structure. It is then possible to 
Valuations
Because of Yutani [75] , a commutative BCK-algebra can be considered as a groupoid with a nullary operation 0 , which satisfies the identities: xx = 0 , xO = x , x(xy) = y(yx) , (xy)z = {xz)y . We will presume a familiarity with BCK-algebras and especially commutative BCK-algebras; good references are supplied by Iseki and Tanaka [9] and Traczyk [74] , but see also [72] , [3] , [4] and [5] .
Let (A; A, o) be a lower semilattice with smallest element 0 , and (C; 0) be a commutative BCK-algebra. Then, the semilattice A is said to have a valuation, v , in the commutative BCK-algebra C if v is a function mapping A into C such that Any commutative BCK-algebra is a lower semilattice, wherein the infimum is given as the derived operation x A y = x(xy) = y(yx) . Thus, (Vl)-(V3) make sense. Also, each interval [0, x] in a commutative BCKalgebra is a distributive lattice; cf. [3, Section 3], C '4] . Due to (Vl) and (V2), V and v are then mutually inverse lattice-isomorphisms.
Also V is isotone and u(0) = 0 . 
As y(0) = 0 ,
As at^b = bf\a, a(ab) = b(ba) .
Because ab £ a , (Vl) implies that
Hence,
Because of the symmetric roles of b and c , we conclude that (ab)c = (ac)£> •. Thus A is a commutative BCK-algebra. if a € C. , is a valuation. When C is taken as the 2-element BCKchain, the resulting BCK-algebra is the one given in Example 3 of Iseki and Tanaka [S] . When C i s the BCK-algebra which is the set of natural numbers N = {o, 1, 2, . . . } with BCK-product ab= max(a-b, 0) , the resulting BCK-algebra i s the one constructed in Example k of Iseki and Tanaka [S] .
By a tree, we mean a lower semilattice (-4; A, o) with a smallest element 0 , in which any two elements have a common upper bound only if We now exploit Theorem l.U to study the lattice of subvarieties of a certain variety of commutative BCK-algebras. 
) = max.[h(a)-nh(a A b), o) .
Moreover, if a A b > 0 then db = 0 and h{a) > 1 .
Proof. The second assertion is an immediate consequence of the first assertion. We use induction to establish the first one.
It is evidently true for n = 0 . Suppose m 2 0 and 
COROLLARY 2.3. A commutative BCK-algebra of finite height is subdireetly irreducible (simple) if and only if it is a tree with a unique atom, endowed with the BCK-struoture of Theorem l.U.
In [4] , the author showed that the class of BCK-algebras, satisfying the identity (E ) : xy = xy , is a congruence-distributive variety. 
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Because of the isomorphism in Theorem 1.1, it is not hard to see that the set of maximal elements and the unique atom form a generating set of a subdirectly irreducible algebra having finite height. Sometimes, the unique atom can be omitted, but no maximal element can ever be eliminated.
Hence, we obtain: THEOREM 2.5. Each finitely generated subdirectly irreducible algebra in the variety T_ n E is both simple and finite. Consequently, the variety T_ n E is locally finite, that is, each of its finitely generated subalgebras is "finite.
Proof. There are only finitely many finite trees of height n . The variety £ n R is the variety of implicative BCK-algebras.
Theorem 2.6 gives the well known result that this variety is equationally complete and generated by the 2-element algebra. For a history see [2] ;
another proof was given recently by Comer [/].
From Theorem 2.6 it also follows that the lattice of subvarieties of T n |^ is a chain of type (0 + 1 . This was established by the author in [5, Theorem 5 .^]» using a different approach. In [5, , an equational base was given for each subvariety of T_ n |j^ : the variety generated by the tree of height 2 with one atom and n > 1 maximal elements has an equaltional base which consists of a base for T_ n j:
together with the identity It would be interesting to find an equaltional base for the variety generated by a finite (simple) tree.
